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1 Preliminaries
Let (fn)n≥ be the Fibonacci sequence:
f = ; f = ; fn = fn– + fn–, n≥ ,
and let (ln)n≥ be the Lucas sequence:
l = ; f = ; ln = ln– + ln–, n≥ .
Let (hn)n≥ be the generalized Fibonacci sequence:
h = p, h = q, hn = hn– + hn–, n≥ ,
where p and q are arbitrary integer numbers. The generalized Fibonacci numbers were
introduced of Horadam in [].
LaterHoradam introduced the Fibonacci quaternions and generalized Fibonacci quater-
nions (in []). In [], Flaut and Shpakivskyi and later in [], Akyigit et al. gave some prop-
erties of the generalized Fibonacci quaternions. In [] and [], the authors introduced the
Fibonacci symbol elements and Lucas symbol elements. Moreover, they proved that all
these elements determine Z-module structures. In [] Kecilioglu and Akkus introduced
the Fibonacci and Lucas octonions and they gave some identities and properties of them.
Quaternion algebras, symbol algebras, and octonion algebras have many properties and
many applications, as the reader canﬁnd in [–]. In [], Kecilioglu andAkkus gave some
properties of the split Fibonacci and Lucas octonions in the octonion algebra O(, , –).
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In this paper we study the Fibonacci octonions in certain generalized octonion algebras.
In [], we introduced the generalized Fibonacci-Lucas quaternions and we determined
some properties of these elements. In this paper we introduce the generalized Fibonacci-
Lucas octonions andweprove that these elements have similar properties to the properties
of the generalized Fibonacci-Lucas quaternions.
2 Properties of the Fibonacci and Lucas numbers
The following properties of Fibonacci and Lucas numbers are well known.
Proposition . ([]) Let (fn)n≥ be the Fibonacci sequence and let (ln)n≥ be the Lucas
sequence. The following properties hold:
(i)
fn + fn+ = ln+, ∀n ∈N;
(ii)
ln + ln+ = fn+, ∀n ∈N;
(iii)
f n + f n+ = fn+, ∀n ∈N;
(iv)
ln + ln+ = ln + ln+ = fn+, ∀n ∈N;
(v)
ln = ln + (–)n, ∀n ∈N∗;
(vi)
ln = f n + (–)n, ∀n ∈N∗;
(vii)
ln + fn = fn+.
Proposition . ([, ]) Let (fn)n≥ be the Fibonacci sequence and let (ln)n≥ be the Lucas
sequence. Then:
(i)
fn + fn+ = fn+, ∀n ∈N;
(ii)
fn + fn+ = fn+, ∀n ∈N;
(iii)
fn + fn+ = ln+, ∀n ∈N;
(iv)
fn+ – fn = ln+, ∀n ∈N.
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In the following proposition, we will give other properties of the Fibonacci and Lucas
numbers, which will be necessary in the next proofs.
Proposition . Let (fn)n≥ be the Fibonacci sequence and (ln)n≥ be the Lucas sequence
Then:
(i)
ln+ + ln = ln+, ∀n ∈N.
(ii)
ln+ – ln = fn+, ∀n ∈N.
(iii)
fn + fn+ = fn+, ∀n ∈N.
Proof (i) Using Proposition .(i) we have
ln+ + ln = fn+ + fn+ + fn– + fn+.
From Proposition .(ii) and Proposition .(i), we obtain
ln+ + ln = fn+ + fn+ = ln+.
(ii) Applying Proposition .(ii), we have
ln+ – ln = (ln+ + ln+) – (ln+ + ln) = fn+ – fn+ = fn+.
(iii) We have
fn + fn+ = (fn + fn+) + (fn+ – fn+).
Using Proposition .(ii), (iv), we have
fn + fn+ = fn+ + ln+.
From Proposition .(i) and the Fibonacci recurrence, we obtain
fn + fn+ = fn+ + fn+ + fn+ = fn+ + fn+ + fn+ = fn+ + fn+ + fn+.
Using Proposition .(i), we obtain
fn + fn+ = fn+ + fn+ = fn+. 
3 Fibonacci octonions
Let OR(α,β ,γ ) be the generalized octonion algebra over R with basis {, e, e, . . . , e}.
It is well known that this algebra is an eight-dimensional non-commutative and non-
associative algebra.
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The multiplication table for the basis of OR(α,β ,γ ) is
·  e e e e e e e
  e e e e e e e
e e –α e –αe e –αe –e αe
e e –e –β βe e e –βe –βe
e e αe –βe –αβ e –αe βe –αβe
e e –e –e –e –γ γ e γ e γ e
e e αe –e αe –γ e –αγ –γ e αγ e
e e e βe –βe –γ e γ e –βγ –βγ e
e e –αe βe αβe –γ e –αγ e βγ e –αβγ
Let x ∈OR(α,β ,γ ), x = x + xe + xe + xe + xe + xe + xe + xe and its conjugate
x = x – xe – xe – xe – xe – xe – xe – xe, the norm of x is n(x) = xx = x +αx +
βx + αβx + γ x + αγ x + βγ x + αβγ x ∈R.
If, for x ∈ OR(α,β ,γ ), we have n(x) =  if and only if x = , then the octonion algebra
OR(α,β ,γ ) is called a division algebra. Otherwise OR(α,β ,γ ) is called a split algebra.
Let K be an algebraic number ﬁeld. The following criterion is well known to decide if an
octonion algebra is a division algebra.
Proposition . ([]) A generalized octonion algebra OK (α,β ,γ ) is a division algebra if
and only if the quaternion algebraHK (α,β) is a division algebra and the equation n(x) = –γ
does not have solutions in the quaternion algebra HK (α,β).
It is well known that the octonion algebra OR(, , ) is a division algebra and the octo-
nion algebraOR(, , –) is a split algebra (see [, ]). In [] appears the following result,
which allows us to decide if an octonion algebra over R, OR(α,β ,γ ) is a division algebra
or a split algebra.
Proposition . ([]) We consider the generalized octonion algebra OR(α,β ,γ ), with
α,β ,γ ∈R∗. Then there are the following isomorphisms:
(i) if α,β ,γ > , then the octonion algebra OR(α,β ,γ ) is isomorphic to the octonion
algebra OR(, , );
(ii) if α,β > , γ <  or α,γ > , β <  or α < , β ,γ >  or α > , β ,γ <  or α,γ < ,
β >  or α,β < , γ >  or α,β ,γ <  then the octonion algebra OR(α,β ,γ ) is
isomorphic to the octonion algebra OR(, , –).
Let n be an integer, n ≥ . In [], Kecilioglu and Akkus introduced the Fibonacci octo-
nions:
Fn = fn + fn+e + fn+e + fn+e + fn+e + fn+e + fn+e + fn+e,
where fn is nth Fibonacci number.
Now, we consider the generalized octonion algebra OR(α,β ,γ ), with α, β , γ in arith-
metic progression, α = a + , β = a + , γ = a + , where a ∈R.
In the following, we calculate the norm of a Fibonacci octonion in this octonion algebra.
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Proposition . Let a be a real number and let Fn be the nth Fibonacci octonion. Then
the norm of Fn in the generalized octonion algebra OR(a + , a + , a + , ) is
n(Fn) = fn+
(


















n(Fn) = f n + (a + )f n+ + (a + )f n+ + (a + )(a + )f n+
+ (a + )f n+ + (a + )(a + )f n+
+ (a + )(a + )f n+ + (a + )(a + )(a + )f n+
= f n + f n+ + f n+ + f n+ + f n+ + f n+ + f n+ + f n+
+ a
(




f n+ + f n+ + f n+ + f n+
)
+ af n+
= S + S + S + af n+, (.)
where we denoted S = f n + f n+ + f n+ + f n+ + f n+ + f n+ + f n+ + f n+, S = a(f n+ + f n+ +
f n+ + f n+ + f n+ + f n+ + f n+), S = a(f n+ + f n+ + f n+ + f n+).
Now, we calculate S, S, S.
Using [], p., we have
S = ffn+ = fn+. (.)
Applying Proposition .(iii) and Proposition .(i), we have
S = a
(
















f n+ + f n+
)
+ af n+ + a
(




f n+ + f n+
)
= a · (fn+ – fn+ + fn+ – fn+ + f n+ + fn+ + fn+)
= a · [fn+ – fn+ + fn+ – (fn+ + fn+) + f n+ + ln+]
= a ·
[





From Proposition .(ii), Proposition .(ii), and Proposition .(i), we have
S = a ·
[
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Using several times the recurrence of Fibonacci sequence and Proposition .(vii), we ob-
tain
S = a ·
[





Applying Proposition .(iii) and Proposition .(vi), (i), we have
S = a ·
(
f n+ + f n+ + f n+ + f n+
)
= a · [(f n+ + f n+) – (f n+ + f n+) + (f n+ + f n+) + (f n+ + f n+) + f n+]
= a · [fn+ – fn+ + fn+ + fn+ + ln+ – (–)n+]
= a · [–fn+ + fn+ + fn+ + fn+ + (–)n].
From Proposition .(iii) and the recurrence of the Fibonacci sequence, we have
S = a ·
[
–fn+ – fn+ + fn+ + fn+ + fn+ – fn+ + (–)n
]
= a · [–fn+ – fn+ + fn+ + fn+ + (–)n]
= a · [–fn+ – fn+ + fn+ + fn+ + (–)n].
Therefore, we obtain
S = a ·
[
fn+ + fn+ + (–)n
]
. (.)











fn+ + fn+ +  · (–)n
]
.












fn+ + fn+ +  · (–)n
]
. (.)
From (.), (.), (.), (.), and (.), we have
n(Fn) = fn+ + a ·
[









fn+ + fn+ +  · (–)n
]
.





















We obtain immediately the following remark.
Remark . If a is a real number, a < –, then the generalized octonion algebra OR(a +
, a + , a + ) is a split algebra.
Proof Using Proposition .(ii) and the fact that the octonion algebraOR(, , –) is a split
algebra, as a result we see that, if a < –, the generalized octonion algebra OR(a + , a +
, a + ) is a split algebra. 
For example, for a = – we obtain the generalized octonion algebra OR(–,–,–).
From Remark . as a result we see that this is a split algebra (another way to prove that
this algebra is a split algebra is to remark that the equation n(x) =  has solutions in the
quaternion algebra HK (–,–) and then to apply Proposition ..
Now, we want to determine how many Fibonacci octonions invertible are in the octo-
nion algebra OR(–,–,–). Applying Proposition ., we obtain n(Fn) = –fn+ –
fn+ – (–)n, n ∈ N. Using that fn+, fn+ > , (∀)n ∈ N, as a result n(Fn) < ,
(∀)n ∈ N, therefore, in the split octonion algebra OR(–,–,–) all Fibonacci octonions
are invertible.
For a = –, after a few calculations, we also ﬁnd that in the split octonion algebra
OR(–,–,–) all Fibonacci octonions are invertible.
From the above, the following question arises: howmany invertible Fibonacci octonions
are therein the octonion algebraOR(a+, a+, a+), with a < –?We get the following
result.
Proposition . Let a be a real number, a ≤ – and let OR(a + , a + , a + ) be a
generalized octonion algebra. Then, in this algebra, all Fibonacci octonions are invertible
elements.
Proof It is suﬃcient to prove that n(Fn) = , (∀)n ∈N. Using Proposition ., we have
n(Fn) = fn+
(

















n(Fn) = fn+ · a
 + a + a

+ fn+ · a
 + a + a + 
 + (–)
n · a
 + a + a
 .
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After a few calculations, we obtain
n(Fn) = fn+ · a(a + )(a + ) + a
+ fn+ · (a + )(a
 + a + ) – 
 + (–)
n · a(a + )(a – ) + a .
We remark that a + a +  > , (∀)a ∈R (since  < ) and
a(a + )(a + ) + a
 < , (∀)a≤ –,
(a + )(a + a + ) – 
 < , (∀)a≤ –,
a(a + )(a – ) + a
 < , (∀)a≤ –.
Since fn+, fn+ > , (∀)n ∈N, we obtain that n(Fn) < , (∀)a≤ –, n ∈N (even if n is an odd
number). This implies that, in the generalized octonion algebra OR(a + , a + , a + ),
with a≤ –, all Fibonacci octonions are invertible. 
Now, we wonder: what happens with the Fibonacci octonions in the generalized octo-
nion algebra OR(a + , a + , a + ), when a ∈ (–,–)? Are all Fibonacci octonions in a
such octonion algebra invertible or are there Fibonacci octonions zero divisors?
For example, for a = – , using Proposition ., we see that the norm of a Fibonacci oc-
tonion in the octonion algebra OR(–  , –,– ) is n(Fn) = – fn+ +  fn+ –  · (–)n > ,
(∀)n ∈ N∗. This implies that in the generalized octonion algebra OR(–  , –,– ) all Fi-
bonacci octonions are invertible.
In the future, wewill study if this fact is true in each generalized octonion algebraOR(a+
, a + , a + ), with a ∈ (–,–).
4 Generalized Fibonacci-Lucas octonions
In [], we introduced the generalized Fibonacci-Lucas numbers, namely: if n is an arbi-
trary positive integer and p, q be two arbitrary integers, the sequence (gn)n≥, where
gn+ = pfn + qln+, n≥ ,
is called the sequence of the generalized Fibonacci-Lucas numbers. To not induce confu-
sion, we will use the notation gp,qn instead of gn.
LetOQ(α,β ,γ ) be the generalized octonion algebra overQwith the basis {, e, e, . . . , e}.
We deﬁne the nth generalized Fibonacci-Lucas octonion to be the element of the form
Gp,qn = gp,qn ·  + gp,qn+ · e + gp,qn+ · e + gp,qn+ · e + gp,qn+ · e + gp,qn+ · e + gp,qn+ · e + gp,qn+ · e.
We wonder what algebraic structure determines the generalized Fibonacci-Lucas octo-
nions. First, we make the following remark.
Remark . Let n, p, q three arbitrary positive integers, p,q ≥ . Then the nth generalized
Fibonacci-Lucas octonion Gp,qn =  if and only if p = q = .
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Proof ⇒ If Gp,qn = , it results gp,qn = gp,qn+ = · · · = gp,qn+ = . This implies that gp,qn– = · · · =
gp,q = . We obtain immediately q =  and p = .
⇐ is trivial. 
In [], we proved the following properties of the generalized Fibonacci-Lucas numbers.
























Using this remark we can prove the following.












∣∣∣∣n ∈N∗,pi,qi ∈Q, (∀)i = ,n
}
∪ {}.
Then the following statements are true:
(i) A is a free Z-submodule of rank  of the generalized octonions algebra OQ(α,β ,γ );
(ii) B with octonions addition and multiplication, is a unitary non-associative
subalgebra of the generalized octonions algebra OQ(α,β ,γ ).





m , (∀)m,n ∈N∗,a,b,p,q,p′,q′ ∈ Z.
Moreover, applying Remark ., as a result  ∈ A.
These implies thatA is a Z-submodule of the generalized octonions algebraOQ(α,β ,γ ).
Since {, e, e, . . . , e} is a basis of A, as a result A is a free Z-module of rank .
(ii) From Remark .(ii), we immediately see that Gp,qm · Gp′ ,q′n ∈ B, (∀)m,n ∈ N∗,
p,q,p′,q′ ∈ Z. Using this fact and a similar reason to that in the proof of (i), we see that B
is a unitary non-associative subalgebra of the generalized octonions algebra OQ(α,β ,γ ).

Competing interests
The author declares that she has no competing interests.
Author’s contributions
The author performed all tasks of this research: drafting, thinking of the study, writing, and revision of paper.
Savin Advances in Diﬀerence Equations  (2015) 2015:298 Page 10 of 10
Acknowledgements
The author is very grateful her colleague Cristina Flaut, for helpful discussions as regards the octonion algebras, which
helped the author to improve this paper. The author wishes to express her gratitude to the anonymous referees and
editor for their careful reading of the manuscript and for many valuable suggestions. Also, the author thanks members of
the Springer Open Team for their valuable support.
Received: 10 June 2015 Accepted: 31 August 2015
References
1. Horadam, AF: A generalized Fibonacci sequence. Am. Math. Mon. 68, 455-459 (1961)
2. Horadam, AF: Complex Fibonacci numbers and Fibonacci quaternions. Am. Math. Mon. 70, 289-291 (1963)
3. Flaut, C, Shpakivskyi, V: On generalized Fibonacci quaternions and Fibonacci-Narayana quaternions. Adv. Appl.
Cliﬀord Algebras 23(3), 673-688 (2013)
4. Akyigit, M, Kosal, HH, Tosun, M: Fibonacci generalized quaternions. Adv. Appl. Cliﬀord Algebras 24(3), 631-641 (2014)
5. Flaut, C, Savin, D: Some properties of the symbol algebras of degree 3. Math. Rep. 16(66)(3), 443-463 (2014)
6. Flaut, C, Savin, D, Iorgulescu, G: Some properties of Fibonacci and Lucas symbol elements. J. Math. Sci. Adv. Appl. 20,
37-43 (2013)
7. Kecilioglu, O, Akkus, I: The Fibonacci octonions. Adv. Appl. Cliﬀord Algebras 25(1), 151-158 (2015)
8. Lam, TY: Introduction to Quadratic Forms over Fields. Am. Math. Soc., Providence (2004)
9. Savin, D: About some split central simple algebras. An. S¸tiint¸. Univ. ‘Ovidius’ Constant¸a, Ser. Mat. 22(1), 263-272 (2014)
10. Savin, D, Flaut, C, Ciobanu, C: Some properties of the symbol algebras. Carpath. J. Math. 25(2), 239-245 (2009)
11. Flaut, C, Savin, D: Some examples of division symbol algebras of degree 3 and 5. Carpath. J. Math. 31(2), 197-204
(2015)
12. Flaut, C, Savin, D: Quaternion algebras and generalized Fibonacci-Lucas quaternions. Adv. Appl. Cliﬀord Algebras
(2015, accepted). http://link.springer.com/article/10.1007%2Fs00006-015-0542-0
13. Kecilioglu, O, Akkus, I: Split Fibonacci and Lucas octonions. Adv. Appl. Cliﬀord Algebras 25(3), 517-525 (2015).
http://link.springer.com/article/10.1007/s00006-014-0515-8
14. Tarnauceanu, M: A characterization of the quaternion group. An. S¸tiint¸. Univ. ‘Ovidius’ Constant¸a, Ser. Mat. 21(1),
209-214 (2013)
15. Olteanu, G: Baer-Galois connections and applications. Carpath. J. Math. 30(2), 225-229 (2014)
16. http://www.maths.surrey.ac.uk/hosted-sites/R.Knott/Fibonacci/ﬁb.html
17. Flaut, C, Stefanescu, M: Some equations over generalized quaternion and octonion division algebras. Bull. Math. Soc.
Sci. Math. Roum. 52(100)(4), 427-439 (2009)
18. Flaut, C, Shpakivskyi, V: An eﬃcient method for solving equations in generalized quaternion and octonion algebras.
Adv. Appl. Cliﬀord Algebras 25(2), 337-350 (2015). doi:10.1007/s00006-014-0493-x.
http://link.springer.com/article/10.1007/s00006-014-0493-x
